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Abstract— We consider the problem of positive observer
design for positive systems. We propose the design of a nonlinear positive observer based on the use of generalized polar
coordinates in the positive orthant. The contraction properties
of the estimation error are studied thanks to the Hilbert
projective metric. The optimization problem of finding the
observer gains that maximize the contraction rate is addressed,
and the simple two-dimensional case is discussed in detail.
Index Terms— Positive systems, non-linear Luenberger-type
positive observers, contraction properties, Hilbert metric.

I. I NTRODUCTION
Positive systems arise in several areas, where each coordinate of the state represents a positive quantity such as a
population or a concentration, that does not have any physical
meaning if it is not positive, see, for example, [7], [10],
[5]. Positive observers aim at estimating the state variables
from output measurements in such a way that the estimates
are always positive, and thus admit a physical interpretation
at all times, that is, even when the estimation error is not
small. Positive observers for linear systems can be built
under specific structural assumptions. In [9] and [6] structural
properties, including observability, of positive systems have
been explored, and observers for compartmental systems
have been developed [11]. In [1] the positive observer design
problem has been dealt with using coordinates transformations and the theory of positive realization [9], [2], thus
generalizing the results in [11] and relaxing the conditions
under which positive observers exist.
In a previous paper [3], the authors have advocated the
use of generalized polar coordinates (that is, direction and
norm) in solid cones on Banach spaces to build positive
observers. The starting point of the approach is a theorem
by G. Birkhoff which dates back to the 1950s, and which
proves that a large class of positive mappings on cones admit
contraction properties in the projective space for the so-called
Hilbert metric. Thus, the idea underlying the method of [3]
is that for those systems, a mere copy of the dynamics may
yield an observer in the projective space, as the contraction
properties of the dynamics imply that two arbitrary solutions
(namely the true solution and the observer which, being a
copy of the system, is also a solution) converge exponentially
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towards each other [8]. Once the direction of the true state
is correctly estimated (i.e. the state is correctly estimated in
the projective space), very mild assumptions on the output
map allow to reconstruct its norm, and thus to estimate the
whole state.
The present paper builds upon previous work [3] and
focuses on the case of discrete-time positive time-varying
linear systems in the orthant Rn+ in the standard form
xk+1 = Ak xk + Bk uk with output yk = Ck uk . The
proposed Luenberger type candidate observer of the form
wk+1 = Ak wk + Bk uk + Lk (Ck wk − yk ) contains correction
terms in addition to the copy of the system dynamics in
order to accelerate its contraction rate. The design is based
on the use of Birkhoff theorem again, but here the goal is
to reconstruct the linear estimation error ek = wk − xk in
the projective space. Once the direction of the error ek is
correctly estimated, its norm can be estimated in turn. This
latter step yields a non-linear estimated error êk and the final
positive observer is merely the sum x̂k = wk + êk .
At each step, the contraction rate of the error system is
directly linked to the so-called projective diameter of the
matrix Ak + Lk Ck . The problem of finding the optimal gain
matrix Lk that achieves the maximal contraction rate for the
error system in the projective space is posed. It is non-convex
and non-linear, but it is shown that simple heuristics suffice
to determine a matrix gain Lk such that the contraction rate
of Ak +Lk Ck is higher than the one of Ak , implying that the
observer converges faster that a mere copy of the dynamics.
The design is in sharp contrast with the classical design
of a Luenberger observer that focuses on the eigenvalues
assignment (or spectral radius) of the linear error dynamics.
The paper is organized as follows: in Section II, the definition of positive linear observers and the Birkhoff-Bushell
theorem are recalled. In Section III, a class of positive
non-linear observers on the positive orthant is proposed.
Section IV addresses the problem of gain tuning to enforce
contraction. A numerical example is given in Section V.
Concluding remarks are drawn in Section VI.
II. P OSITIVE LINEAR SYSTEMS AND THE
B IRKHOFF -B USHELL THEOREM
A positive linear system is a linear system whose solutions
live in the positive orthant at all times. Such systems arise
naturally in several aeras where the state variables represent
quantities that are intrinsically positive, such as concentrations or populations. For x, y ∈ Rn+ , we denote x ≥ y when
for all the components xi ≥ yi . This operator is understood
as a set of inequalities applied componentwise. Therefore,

a vector x ∈ Rn is said to be non-negative if x ≥ 0 and
positive if x > 0.
We define the orthant Rn+ = {x ∈ Rn : xi ≥ 0, ∀i} and
n
R>0 = {x ∈ Rn : xi > 0, ∀i} to be its interior. A ∈ Rn×n
is said non-negative matrix if A : Rn+ → Rn+ , and if A :
Rn>0 → Rn>0 we say that A is positive.
In this paper, we consider a linear time-varying system
xk+1 = Ak xk + Bk uk
yk = Ck xk

(1)

where
(i) Ak is a n × n positive matrix for all k ≥ 0.
(ii) Bk is a n × m non-negative matrix for all k ≥ 0.
(ii) Ck is a p × n non-negative matrix for all k ≥ 0.
If the three conditions above are met, the linear system
(1) is said to be positive in the following sense: if the initial
state x0 is non-negative and the control input uk is nonnegative for all k ≥ 0, then the state xk and the output yk
are non-negative at all time k ≥ 0.
The Hilbert projective metric on Rn>0 is defined by:


xi yj
(2)
d(x, y) = max log
i,j
xj yi
for any two vectors x, y ∈ Rn>0 . It is understood as a
projective metric in the sense that for all λ, µ > 0 and x, y
in the orthant we have d(λx, µy) = d(x, y). The projective
diameter of a positive mapping A is defined as the diameter
in the sense of the Hilbert metric of the image of the orthant
by A, i.e.,
∆(A) = sup{d(Ax, Ay)|x, y ∈ Rn>0 }

(3)

and it may be infinite (take for instance the identity function).
In the case of a positive linear mapping on Rn>0 the projective
diameter can be expressed as [4]
∆(A) = max {log [aij akr /air akj ] : 1 ≤ i, j, k, r ≤ n} (4)
where A = (aij ) is the corresponding n × n matrix with
positive entries. The latter formula can be understood in the
following way. Note that, each column, say a•,j for 1 ≤ j ≤
n, of the matrix A represents the image of the j-th vector of
the canonical basis of Rn . But from (2), the distancebetween

xi yj
n
two vectors x, y ∈ R>0 can be written as max log
.
ij
xj yi
As the diameter of A is defined as the diameter of the image
of the orthant, that is the diameter of the convex hull of
the images a•,j ’s of the base vectors, finding the projective
diameter of A is equivalent to finding the maximal Hilbert
metric between pairs of columns of A. The diameter is thus
easily shown to be


aij akr
∆(A) = max d(a•,j , a•,r ) = max max log
j,r
j,r
i,k
akj air


aij akr
= max log
i,j,k,r
akj air
Note that, it is easily seen that the projective diameter will
be finite if and only if all entries of A are positive.

The following theorem is at the core of our approach to
the problem of positive observer design:
Theorem 1 (Birkhoff-1957): If A is a positive linear mapping we have for all x, y ∈ Rn>0



∆(A)
d(Ax, Ay) ≤ tanh
d(x, y)
(5)
4
As the hyperbolic tangent of any nonnegative number is
always smaller than 1, we see that any positive linear mapping is a contraction. Moreover, if the projective diameter
is finite, i.e. ∆(A) < ∞, then A is a strict contraction.
In particular, the Hilbert distance between two arbitrary
solutions of the time-invariant system xk+1 = Axk tends
< 1.
exponentially to zero with rate γ = tanh ∆(A)
4
This means, that for two arbitrary solutions xk , x̃k we have
d(xk , x̃k ) ≤ γ k d(x0 , x̃0 ). Note that, the celebrated PerronFroebenius theorem can be viewed as a consequence of the
Birkhoff theorem as in the projective space A is proved to
be a contraction. This implies using the Banach fixed point
theorem any solution xk will converge in direction to a
vector, this vector being in fact an eigenvector of A. This
is the reason why Birkhoff theorem is often considered as a
generalization of the Perron-Froebenius theorem to general
solid cones, and to homogeneous (possibly time-varying)
non-linear positive maps [4]. As a final remark, note that,
the contraction rate is monotonically linked to the diameter
of the map A: a smaller diameter ensures a higher contraction
rate.
III. A CLASS OF POSITIVE OBSERVERS FOR POSITIVE
SYSTEMS

The reference [3] advocates a different observer design
methodology for a class of positive linear systems on solid
cones based on the Hilbert metric and Theorem 1. In the
case where the considered solid cone is the positive orthant,
those systems are of the form xk+1 = Axk where A is
characterized by either a finite diameter, or A admits a power,
say N , such that AN has a finite diameter. For those systems,
a mere copy of the system provides a simple positive
observer which converges exponentially in the projective
space. This is a straightforward consequence of Birkhoff’s
theorem. When the output is linear, it is then rather easy to
reconstruct the norm of the true state as soon as the direction
is sufficiently well estimated. Building upon this method, and
focusing on the case of linear systems in the orthant, we
propose a novel design methodology for positive observers
allowing to embrace a broader class of time-varying systems
of the form (1), where the observers include correction terms
and gain matrices such that the the gains can be tuned to
accelerate the convergence of the observer. As a result, the
maps Ak (or their N -th power) need not necessarily have a
finite projective diameter.
A. Non-linear Luenberger type positive observers for positive linear systems
For positive systems, a natural requirement is that the
observers should provide state estimates that are also nonnegative so they can be given a physical meaning at all

times. In the present paper we are concerned with non-linear
Luenberger-type positive observers for such systems.
Consider the system (1) in Rn>0 . We propose to build a
class of positive non-linear observers based on the following
steps. First consider the Luenberger positive observer defined
by
wk+1 = (Ak + Lk Ck )wk + Bk uk − Lk yk
(6)
where wk plays the role of a “surrogate” estimated state and
where we assume 0 < w0 < x0 (such an initial condition can
always be found if we suppose that we have a lower bound
on each coordinate of the state). The matrix gain Lk ∈ Rn×p
should satisfy the two following conditions:
(a) Ak + Lk Ck is a n × n positive matrix having finite
projective diameter for all k ≥ 0.
(b) Lk satisfies the linear inequality Lk yk ≤ Bk uk for all
k ≥ 0.
Note that those two conditions are equivalent to the componentwise linear inequalities Lk Ck > −Ak and Lk yk ≤
Bk uk at all times. Now consider the surrogate estimation
error
ek = xk − w k
(7)
For system (1) and observer (6), the error dynamics satisfy
ek+1 = (Ak + Lk Ck )ek with e0 > 0

(8)

The idea now is to use the Birkhoff theorem to reconstruct
the direction of this surrogate error. Indeed consider the
following positive system
êk+1 = (Ak + Lk Ck )êk with ê0 > 0

(9)

From the Birkhoff theorem we have d(ek , êk ) → 0 exponentially as long as the diameter of Ak +Lk Ck is bounded above
by some fixed quantity R > 0. Thus, the normalized error
êk /kêk k will in this case provide a righteous estimation of
the direction of the error. The final step consists of defining
the state estimate as:
êk
(10)
x̂k = wk + µk
kêk k
where for all k ≥ 0 µk is defined by
µk =

k yk − Ck wk k
kêk k
k Ck êk k

Note that, the quantity k yk − Ck wk k/k Ck êk k can be replaced by the ratio of any component of the vector yk −Ck wk
with the same component of the vector Ck êk (provided it is
large enough to avoid problems in the division). This small
modification can be advantageous when there is noise in the
system and where it is not desirable to square the noise via
a norm calculation.
The idea underlying the latter definition (10), is that, as
soon as the gain matrix is well designed, êk should allow to
estimate the direction of the error ek in the projective space,
whereas µk allows to estimate its norm. The vector µk kêêkk k
is then a righteous estimation of the true error ek .
The resulting observer is nonlinear and positive, as proved
by the following result:

Proposition 1: For all k ≥ 0, the estimated state defined
by (10) satisfies x̂k ≥ 0.
Proof: First, note that, because of assumptions (a) and
(b), and the fact that w0 > 0 initially, the estimate wk defined
by (6) is always positive. Then, because of the assumption
that w0 < x0 , and of assumption (a), we have that ek is
always positive. The estimate x̂k defined by (10) is thus
positive.
B. Convergence issues
The asymptotic convergence of the error ek is characterized by the following proposition.
Proposition 2: Consider the system (1) and suppose there
exists a non-positive n × p matrix Lk satisfying assumptions
(a) and (b), and such that ∆(Ak +Lk Ck ) ≤ R for some R >
0, ∀k ∈ N. Then the direction of error ek is asymptotically
well estimated as
êk
, ek ) → 0 exponentially.
d(êk , ek ) = d(
kêk k
where d is the Hilbert projective metric. Moreover, if there
exist α, β,  > 0 such that for all k > 0, S( kêêkk k , ) ⊂ Rn+ ,
where S(z, ) is the ball of centre z and radius , and α ≤
kCk k ≤ β then the norm of the error is asymptotically well
estimated as
kek k
− 1 → 0 exponentially.
µk
Before proving the proposition, we discuss its interpretation.
First, the theorem indicates convergence of the estimation
error to zero in generalized polar coordinates. Indeed, the
first part ensures that the direction of the error ek is asymptotically reconstructed at an exponentially fast rate, and the
second part that its norm is also asymptotically reconstructed
exponentially fast, for a natural norm discrepancy based on
the norms ratio. The norm ratio is a dimensionless quantity,
and it is a meaningful way to measure discrepancy between
norms, as unstable eigenvalues are often encountered in
positive systems, and tends make norms of both the true
and the estimated state go to infinity (see also [3] which
advocates using this natural alternative error).
Secondly, if the ratio between the norms of the errors is
sufficiently close to 1, the theorem implies that d(x̂k , xk )
tends exponentially to zero. Indeed, we know from Theorem
3.5 in [4] that if kek k = µk , then d(x̂k , xk ) ≤ d(êk , ek ). If
the norm ratio is close to 1, the inequality may be violated,
but in practice it is to be expected that d(x̂k , xk ) be close to
d(êk , ek ), and thus exponentially convergent.
Finally, note that, the assumption of the proposition that
S( kêêkk k , ) ⊂ Rn+ essentially means that êk does not converge
to the boundary of the cone. It could have been replaced
with the same condition on the true error ek , but the choice
is justified by the fact that the assumption as stated in the
proposition can at all times be checked by the user, whereas
the true error ek is unknown. Note also that when the system
is time-invariant, i.e., A, L, C are fixed, this latter assumption
is automatically satisfied thanks to Birkhoff’s theorem and

the Banach fixed point theorem, which states then that there
exits a positive vector v that is a fixed point of A+LC in the
projective space, and such that d(ek , v) → 0 exponentially.
Proof: The errors defined by (8) and (9) are solutions
of the same positive system. Because of the assumption on
the diameter of Ak + Lk Ck , and because of the BirkhoffBushell theorem, the considered system is contractive with a
contraction ratio bounded away from 1, implying exponential
convergence of the quantity d(ek , êk ). As concerns the
second result, note that
kCk ek k
kêk k
µk =
kCk êk k
letting zk = ek /kek k and ẑk = êk /kêk k. Thus we have
µk =

kCk zk k
kek k
kCk ẑk k

Thus
1
β
µk
≤
|kCk zk k − kCk ẑk k| ≤
kzk − ẑk k
kek k
α cos θ
α cos θ
where we have defined θ as the maximal angle between
ẑk and any line of the positive matrix Ck , whose cosine is
bounded away from 0 as ẑk has been assumed to be bounded
away from the boundary of the cone. Using the fact that
zk , ẑk have unit norm we can exploit a result of [4] which
says that
kzk − ẑk k ≤ ed(zk ,ẑk ) − 1 = ed(ek ,êk ) − 1
Exponential convergence thus stems from the exponential
convergence of the Hilbert distance d(ek , êk ).
IV. G AIN TUNING ISSUES
As presented in the previous section, the advantage of
using correction terms Lk over the method proposed in
[3] is that convergence speed can be managed. The lower
the projective diameter of Ak + Lk Ck is, the faster the
convergence speed is. The goal is to find a n × p matrix
Lk which must satisfy the two linear inequalities (a) - (b)
and such that ∆(Ak + Lk Ck ) is the lowest. At least this
should be smaller than the value of ∆(A), the ideal case
being for ∆(Ak + Lk Ck ) = 0.
A. Optimization problem involved
To simplify exposition, we omit the subscripts of
Ak , Bk , Lk and we also assume a scalar output yk ∈ R+ ,
ie. C ∈ R1×n . Given A, C at each time step k in order to
optimize the contraction rate, one can consider the following
problem:
minimize
L

∆(A + LC)

subject to (α), (β).
where L satisfies
m
X
(α) `i1 y ≤
bik uk1 for all i ∈ {1, ..., n}.
(β) aij +

k=1
`i1 c1j

> 0 for all i ∈ {1, ..., n}.

and where

(aij + `i1 c1j )(akr + lk1 c1r )
.
i,j,k,r
(air + `i1 c1r )(akj + `k1 c1j )
(11)
Note that the optimization problem is always feasible with
L = 0. It is a minmax optimization problem, and can
be handled numerically via standard optimization methods,
including brute force algorithms if the dimension of the state
space is not too large.


∆(A+LC) = max



log

B. A geometrical method to decrease ∆(A + LC)
When the matrices Ak are known in advance, typically
in the time-invariant case, the optimization problem which
consists of minimizing ∆(Ak + Lk Ck ) at each step k can
be handled numerically, and the optimal gain matrices Lk
can be computed offline. However, when the system is timevarying and the matrix sequence (Ak )k≥0 is supposed not to
be known in advance, for the observer to work in real-time
the gain matrices Lk must be computed online.
Computational power limitations can forbid the use of
costly optimization methods online. We propose a simple
geometric heuristic that guarantees at each step (omitting
the subscipt k) ∆(A + LC) ≤ ∆(A). This implies that with
correction terms the error equation is proved to converge
faster than without such terms. The method is simple and
can be suboptimal, however it proves to be optimal in the
two-dimensional case, as shown in the following subsection.
For the sake of illustration, suppose that the scalar output
measures the first coordinate of the state vector, i.e., Ck =
1 0 . . . 0 ∈ R1×n for all k ≥ 0. The idea is then
as follows: consider the orthogonal projection of the first
column a•,1 onto the linear space spanned by the remaining
columns a•,j for 2 ≤ j ≤ n. In turn, this vector can be
projected onto the convex space {a•,1 + l•,1 }, where L
satisfies conditions (α), (β). The corresponding correction
matrix L lies in the feasible set, and the angle between
the vector a•,1 + l•,1 and any remaining column a•,j for
2 ≤ j ≤ n is less than the angle between a•,1 and a•,j .
But the function y → d(x, y) for fixed x is an increasing
function of the angle between x and y. As a result, the Hilbert
distance between two arbitrary columns of A + LC is less
than the distance between the corresponding columns in A.
Recalling the characterization of the projective diameter in
previous sections, this implies that ∆(A + LC) ≤ ∆(A).
C. Two-dimensional linear case
In this section, we propose an explicit construction of positive observers for two-dimensional systems. The proposed
observer maximizes the rate of contraction as measured by
the Hilbert projective metric. It turns out to be a dead-beat
observer. Once again we assume y = x1 for simplicity.
Proposition 3: Consider the time varying positive system
xk+1 = Ak xk + Bk uk
yk = Cxk

(12)

where Ak is a matrix in R2×2 with positive entries, Bk is
a non-negative matrix in R2×m and C = 1 0 . Then

their the Hilbert distance between their directions d(xk , x̂k )
is null after one iteration also, thanks to the convergence of
d(ek , êk ).

Plot of ratio of x and its estimate in norm
ratio of x and its estimate in norm

there exists a non-positive 2 × 1 matrix Lk such that the
observer (10) is dead-beat. We have indeed x̂k = xk for all
k ≥ 1.
Proof: At each
 time step k, one can always choose a
`11
matrix L =
∈ R2×1 such that
`21


− det(A)
,0
(13)
−a11 < `11 < min
a22
det(A) + `11 a22
`21 =
(14)
a12
where A = (ai,j ) > 0 for i, j ∈ {1, 2}. Now we verify the
two conditions (α) − (β)
(α) From (13), we have `11 < 0. From the fact that `11 <
and combining with (14), we can deduce that
− det(A)
a22
`21 < 0. Consequently Lk yk ≤ Bk uk at any instant k
where uk is a positive control.
(β) From (13) and (14), we can easily deduce that a11 +
`11 , a21 + `21 > 0. Then Ak + Lk Ck > 0 at any time
k ≥ 0.
Furthermore, we have det(A + LC) = (a11 + `11 )a22 −
(a21 + `21 )a12 = 0. Thus, rank(A + LC) = 1. Then ∆(Ak +
Lk Ck ) = 0 for all k ∈ N. The optimization problem is
solved. As a result, kek k = µk . Then d(xk , x̂k ) = 0 and
kxk k
kx̂k k − 1 = 0 for k ≥ 1. The proposition follows.
Consider for example the discrete-time system:



3 1
xk+1 =
xk , yk = 1 0 xk
2 1

We have det(A) = 1. From (13) and (14), `11 = −2, `21 =
−1 can be taken. The following conditions are obviously
satisfied:


1 1
(α) A + LC =
is a positive matrix.

1 1
−2
(β) L =
is a negative matrix. Thus, Lyk < Buk
−1
for all k ∈ N.
Moreover det(A + LC) = 0 proving ∆(A + LC) = 0. A
dead bit observer is therefore readily obtained:
x1,k − w1,k
êk
(16)
x̂k = wk +
ê1,k
where

and

w1,k+1
w2,k+1





=

ê1,k+1
ê2,k+1

w1,k + w2,k + 2x1,k
w1,k + w2,k + x1,k




=

ê1,k + ê2,k
ê1,k + ê2,k


(17)


.

(18)

Figure 1 below illustrates results of observer (16) for
system (15). A trajectory with x0 = [11/10, 20]> , w0 =
[1/15, 1]> , e0 = [31/30, 19]> and ê0 = [1, 10]> as initial
conditions is simulated. The top plot 1 shows that the ratio
between the norms of xk and its estimate x̂k are equal to 1
after a single iteration, whereas the bottom plot shows that
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V. N UMERICAL EXAMPLE
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Remark 1: An interesting remark concerns the dynamical
behavior of the error system: note that, the matrix A + LC
is not stable. Thus the corresponding Luenberger observer
for (12) is not stable, whereas our technique allows a dead
bit estimation of the state. This illustrates well the difference
between our approach based on a two-step estimation where
first the direction must be estimated, independently from
the norm that can grow exponentially. We believe that this
approach to estimation problems in the positive orthant
indeed suits more the geometry of the state space.
VI. C ONCLUSION
In this paper, we proposed a new design method for
positive observers in the positive orthant. The observer
design mimicks the Luenberger observer design except that
the gain is tuned to maximize the contraction rate of the
error as measured by the Hilbert projective metric rather
than the usual Euclidean metric that we believe does not suit
ideally the geometry of the considered state space. This leads
to a counterintuitive result that the observer can converge
exponentially although the error system is unstable.
The key ingredient in our approach is the Hilbert metric,
that distorts the distances in the orthant so that the boundary
is at an infinite distance of any point, leading to a natural
preservation of positiveness. We anticipate interesting extensions in the nonlinear case an in more general cones.
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