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1. Introduction. One of the most popular nonlinear techniques of design of
control laws is the backstepping approach. The multiple advantages o!ered by it are
well known. Observe in particular that this technique yields a wide family of glob-
ally asymptotically stabilizing control laws, and it allows one to address robustness
issues and to solve adaptive problems. However, for a long time, it was a widely held
belief that this technique could not be used to solve the problem of designing feed-
backs bounded in norm, which in many practical situations should be addressed: For
instance, the possibility of actuator saturation or constraints on actuators imposes
bounded input. But it turns out that, as a matter of fact, the backstepping approach
can be adapted to the problem of designing bounded feedbacks. In three recent works
[22, 2, 10], it is shown that for some time-invariant systems (an n-dimensional chain
of integrators, for instance), bounded stabilizing feedbacks can be constructed by ap-
plying new versions of this technique: The approach of [22, 2] mainly relies on the
nested saturation control laws proposed in [18, 20], and the approach of [10] mainly
relies on the determination of a particular family of control Lyapunov functions. How-
ever, for families of time-varying systems, no bounded backstepping method has ever
been developed, and the main results of [22, 2] and [10] cannot be straightforwardly
extended.

In the present work, we address the problem of constructing globally uniformly
asymptotically stabilizing di!erentiable bounded feedbacks and accompanying strict
Lyapunov functions, using the backstepping approach for time-varying systems of the
following form:

!
ẋ = f(t, x) + g(t, x)z,
ż = p(t)(u + b(t, x, z))

(1)

with x ! Rnx , z ! R, where u ! R is the input, p(t) is a bounded function of t, and
f(t, x) and b(t, x, z) satisfy f(t, 0) = 0, b(t, 0, 0) = 0 for all t.

In the particular case where p(t) is a continuous function larger (resp., smaller)
than a strictly positive real number (resp., a strictly negative real number), then a
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Lyapunov design of bounded feedbacks can be carried out, for instance, by combining
the results of [23, 24] and [22]. But when p(t) is a time-varying function which is nei-
ther strictly positive nor strictly negative, then the construction of globally uniformly
stabilizing feedbacks and accompanying strict Lyapunov functions for systems (1) is
a challenging open problem: To the best of our knowledge, no technique of construc-
tion of this type of Lyapunov functions is available in the literature, even in the case
where the systems (1) are stabilized by unbounded control laws. We want to empha-
size that in the present paper, we will not impose on p(t) to be a function which is
never equal to zero: We will only assume that p(t) satisfies a persistency of excitation
property and is of class C1. Observe that the study of nonlinear time-varying systems
is motivated in particular by the fact that a tracking problem for a nonlinear sys-
tem can be reformulated as a stabilization problem for the time-varying error system.
Through the family of chained form nonholonomic systems, we will show in section 4
how tracking problems for nonlinear systems may lead to the study of systems of
the form (1), where p(t) is a function which takes positive and negative values, and
how, by applying the main result of the present work repeatedly, one can solve the
open problem of determining explicit expressions of globally uniformly asymptotically
and locally exponentially stabilizing bounded feedbacks and of accompanying strict
Lyapunov functions for time-varying chains of integrators, which in turn implies that
one can solve the problem of constructing globally uniformly asymptotically and lo-
cally exponentially stabilizing bounded feedbacks and accompanying strict Lyapunov
functions for error equations of systems in chained form.

The approach we propose relies extensively on two results. On the one hand, we
exploit the family of changes of coordinates used in [10] to obtain explicit expressions
of globally uniformly asymptotically stabilizing bounded feedbacks. On the other
hand, we construct explicitly strict Lyapunov functions using the main result of [9].

Observe that the strict Lyapunov functions (which at the same time are control
Lyapunov functions) we will construct are not just tools enabling us to establish
the asymptotic stability of the closed-loop system: The knowledge of continuously
di!erentiable strict Lyapunov functions can be of great help. The potential benefits
they o!er are so numerous that they cannot be exhaustively enumerated. However,
observe in particular the following:

• Recent advances in stabilization of nonlinear delay systems are based on the
knowledge of continuously di!erentiable Lyapunov functions (see in particular
[21, 3, 11]).

• Lyapunov functions are known to be very e"cient tools for robustness anal-
ysis: For example, many proofs of nonlinear disturbance-to-state Lp stability
properties rely on Lyapunov functions (see [19, 8]). Moreover, the control
Lyapunov function–based theory has provided control designs with guaran-
teed robustness to di!erent types of disturbances, including deterministic [1]
and stochastic [6], as well as the robustness to unmodeled dynamics [13, 15].

• When a control Lyapunov function satisfying the small control property is
available, one can apply universal formulas, in particular the one proposed
in [16], and obtain that way the expression of an asymptotically stabilizing
feedback which is optimal with respect to the control Lyapunov function as
optimal value function.

The expressions of the bounded control law and of the Lyapunov function we
propose are far from being the only possible expressions that can be obtained; many
di!erent formulas can be determined. Moreover, many extensions of the result can
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be proved; we have briefly mentioned some of them in the discussion of the main
result given in section 3 and in the concluding remarks of section 5. For the sake of
clarity, we have chosen to restrict ourselves to the systems (1); the control design can
be easily carried out for them. However, it is worth noting that the key ideas of our
approach can be used in several contexts beyond the scope of the present work. In
particular, they can be utilized to solve the problem of constructing bounded feedbacks
for systems of the form

!
ẋ = f(t, x, z) + h(t, x, z, u)u,
ż = p(t)u + b(t, x, z),

(2)

which, due to the term h(t, x, z, u)u, are not in feedback form.
The paper is organized as follows. In section 2, a technical lemma is given.

In section 3 the main result is stated and proved. The technique is applied to an
illustrative example in section 4. Concluding remarks in section 5 end the work.

Preliminaries.
1. The argument of the functions will be omitted whenever no confusion can arise

from the context.
2. We assume throughout the paper that the functions encountered are su"ciently

smooth.
3. For a real-valued C1 function k(·), we denote by k#(·) its first derivative.
4. |x| =

"
x$x stands for the Euclidean norm of vector x ! Rnx .

5. A function k(·) : R%0 # R%0 is of class K& if it is continuous, zero at zero,
strictly increasing, and unbounded.

6. By S, we denote the set of the functions ! : R # R such that
(a) !(s) is a bounded function,
(b) s!(s) is positive definite,
(c) s!(s) $ s2,
(d) !#(s) is nonnegative and bounded and !#(0) = 1.
7. A function V (·) is a strict Lyapunov function for the time-varying system

"̇ = #(t,")

if there exists a positive definite function W (") such that, for all t and ",

$V

$"
(t,")#(t,") +

$V

$t
(t,") $ %W (")

and there exist two functions #1(·),#2(·) of class K& such that, for all t and ",

#1(|"|) $ V (t,") $ #2(|"|).

2. Technical result. In this section, we give a technical result which will be
used in the next section to prove the main result of the work. We construct a strict
Lyapunov function for the one-dimensional time-varying system

%̇ = %q(t)!(%),(3)

where q(t) is a nonnegative function of class C1 such that

0 $ q(t) $ &1 &t,(4)
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" t+T

t
q(s)ds ' &2 > 0 &t,(5)

where &1, &2, and T are positive real numbers and where !(·) belongs to the set S
defined in the preliminaries. We carry out the construction by adapting the approach
of [9] to the case where q(t) is not necessarily a periodic function of t but satisfies the
persistency of excitation condition (5). First, observe that the property 0 $ s!(s) $ s2

implies that the function |!(s)|
|s| is bounded. Moreover, !#(·) is bounded and (4) is

satisfied. It follows that

M := sup
t'R

#
T +

$$$$$

" t+T

t
(s% t% T )q(s)ds

$$$$$ sup
s'R,s(=0

%
|!(s)| + |s!#(s)|

|s|

&'
(6)

is finite and positive. We are now in position to give a technical lemma.
Lemma 2.1. The function

'(t, %) := (M + 1)%2 +

(" t+T

t
(s% t% T )q(s)ds

)
%!(%)(7)

is a strict Lyapunov function for the system (3).
Remark 1. When q(t) is a periodic function, then '(t, %) is a periodic function

of t as well, and these functions have the same period.
Proof. The derivatives of the functions

R1(t, %) :=

(" t+T

t
(s% t% T )q(s)ds

)
%!(%), R2(%) :=

1

2
%2(8)

along the trajectories of (3) satisfy

Ṙ1 =

#
%
" t+T

t
q(s)ds + Tq(t)

'
%!(%)

%
#" t+T

t
(s% t% T )q(s)ds

'
[!(%) + %!#(%)] q(t)!(%),

Ṙ2 = %q(t)%!(%).

(9)

Further, since

'(t, %) = 2(M + 1)R2(%) + R1(t, %),(10)

it follows from (9), (6), and (5) that

'̇(t, %) $ %
(" t+T

t
q(s)ds

)
%!(%) + Mq(t)%!(%) % 2(M + 1)q(t)%!(%)

$ %&2%!(%) < 0 &% (= 0.

(11)

Moreover, (7) and (6) imply that

(M + 1)%2 %M%2 $ '(t, %) $ (M + 1)%2 + M%2,(12)

which results in

%2 $ '(t, %) $ (2M + 1)%2.(13)

According to (11) and (13), the function '(t, %) is a strict Lyapunov function for the
system (3). This concludes the proof.
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3. Main result. In this section, we state and prove the main result of the paper.
Consider the nonlinear time-varying system (1). We introduce a set of assumptions.

Assumption A1. The functions p(t) and ṗ(t) are bounded in norm by a positive
real number P and two positive numbers T and ( such that, for all t,

" t+T

t
p(s)2ds ' ( > 0(14)

are known.
Assumption A2. Let ) be a positive real number and n a nonnegative integer.

A Lyapunov function V (t, x) such that

*1(|x|) $ V (t, x) $ *2(|x|),
$$$$
$V

$x
(t, x)

$$$$ $ *3(|x|),(15)

where the *i(·)’s are functions of class K&, a positive definite function W (x), and a
feedback zs(t, x) := p(t)n+2µs(t, x), bounded in norm by ) such that µs(t, 0) = 0 and

$V

$t
(t, x) +

$V

$x
(t, x)[f(t, x) + g(t, x)zs(t, x)] $ %W (x),(16)

are known. Moreover, the functions

|µs(t, x)| ,
$$$$
$µs

$t
(t, x)

$$$$ ,
$$$$
$µs

$x
(t, x)f(t, x)

$$$$ ,
$$$$
$µs

$x
(t, x)g(t, x)

$$$$ , |b(t, x, z)|(17)

are bounded.
Assumption A3. A real-valued function +(·) such that +(s) > 0 for all s (= 0 and* r

0 +(s)ds is of class K&, a function *4(·) of class K&, and a nonnegative function
,(·) such that the inequalities

+(V (t, x))

$$$$
$V

$x
(t, x)g(t, x)

$$$$
2

$ 1

2
W (x),(18)

|f(t, x)| $ *4(|x|) , |g(t, x)| $ ,(|x|)(19)

are satisfied for all t, x are known.
Assumption A3#. The function W (x) is such that, for a real number c1 > 0,

W (x) ' c1|x|2 &x : |x| $ 1.(20)

Theorem 3.1. Assume that the system (1) satisfies Assumptions A1, A2, and
A3. Then the system (1) is globally uniformly asymptotically stabilizable by a bounded
feedback us(t, x, z) such that, for all t, us(t, 0, 0) = 0. For the corresponding closed-
loop system, a strict Lyapunov function can be constructed. This Lyapunov function
belongs to the family of functions of the form

U(t, x, z) = l(V (t, x)) + k('(t,$(z) % zs(t, x)))(21)

with

'(t, Z) = (M + 1)Z2 +

(" t+T

t
(s% t% T )p(s)2mds

)
Z!(Z),(22)
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where m is a positive integer, l(·), k(·) are functions of class K&, and $(·) is a real-
valued function zero at zero such that $#(z) ' 1 for all z. If in addition Assumption
A3# is satisfied, the system (1) is globally uniformly asymptotically and locally exponen-
tially stabilizable by a bounded feedback us(t, x, z) such that, for all t, us(t, 0, 0) = 0,
and a strict Lyapunov function for the corresponding closed-loop system with a deriva-
tive along the trajectories upper bounded on a neighborhood of the origin by a negative
definite quadratic function of (x, z) can be constructed. This Lyapunov function be-
longs to the family of functions (21).

Discussion of Theorem 3.1.
• All the real-valued periodic functions of class C1 which are not identically

equal to zero satisfy Assumption A1. In the particular case where, for all t,
p(t) > 0 or p(t) < 0, a simpler proof than the one we shall give can be carried
out by taking advantage of the change of feedback v = p(t)(u + b(t, x, z)).
But assuming that, for all t, p(t) > 0 or p(t) < 0 is very restrictive.

• The boundedness property of the functions in (17) in Assumption A2 and
the growth property in Assumption A3 are not surprising assumptions: In
the time-invariant case, similar assumptions have been imposed (see [2, 10]).
Due to the finite escape time phenomenon, they cannot be removed without
being replaced by other assumptions.

• Assumption A3# ensures that the feedback zs(t, x) not only globally uniformly
asymptotically stabilizes the origin of x-subsystem of (1) but also locally
exponentially stabilizes it.

• In the formula of the stabilizing feedback we shall construct (see (27)), the
function V (t, x) is not involved: So it turns out that the control design strat-
egy we propose can be applied even when the function V (t, x) is not accurately
known.

• An important issue is whether or not Theorem 3.1 can be applied recursively.
In general, it appears that the assumptions will not be satisfied repeatedly
because the presence of b(t, x, z) in the expression of the control law we will
construct (see (27)) typically prevents us(t, x, z) and its derivatives along the
trajectories from vanishing with p(t). However, in particular cases, Theorem
3.1 can be applied recursively. Basically, this can be done for systems of the
form

+
,,,-

,,,.

ẋ = f(t, x, z1),
ż1 = p1(t)z2 + b1(t, x, z),

...
żn = pn(t)u + bn(t, x, z),

(23)

when the bi(t, x, z)’s are identically equal to zero or when, roughly speak-
ing, they are su"ciently “small”: Indeed, since one can construct explicitly a
globally uniformly asymptotically stabilizing feedback with an accompanying
strict Lyapunov function for a system (23) in absence of the bi(t, x, z)’s, one
can take advantage of these tools to determine in a second step how “small”
the terms bi(t, x, z), regarded as disturbances, should be for not destroying
the stability properties of the system stabilized by the control law constructed
in their absence. It is quite clear that the choice of the feedback at each step
plays an important role in this approach. In particular at each step the control
law must anticipate the pi(t)’s that follow: One understands from the mecha-
nism of the control design used to prove Theorem 3.1 that a possible strategy
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of design for the system (23) consists in repeatedly constructing feedbacks,
which for convenience we denote zi,f (t, x, z1, . . . , zi)1) for i = 2 to n+1, such
that zi,f (t, x, z1, . . . , zi)1) = pi(t)2 . . . pn(t)n)i+2-i(t, x, z1, . . . , zi)1), where
-i(t, x, z1, . . . , zi)1)’s are su"ciently smooth functions. We will not present
a rigorous and complete study of this problem; it would require pages of
simple but lengthy calculations which can be inferred from the ideas of the
proof of Theorem 3.1. For the sake of simplicity, we restrict ourselves to il-
lustrating the possibility of applying the approach repeatedly by solving in
section 4 the problem of stabilizing a three-dimensional chain of integrators
with time-varying coe"cients.

Proof of Theorem 3.1.
Step 1: New variable. We introduce the variable

Z := $(z) % zs(t, x),(24)

where $(·) is the function present in (21). In addition to the properties $(0) = 0 and
$#(z) ' 1 for all z, we require that this function be such that

(a) $#(z) = 1 when |z| $ 2),
(b) $#(z) ' |z| when |z| ' 2) + 1.
Its time derivative satisfies

Ż = $#(z)p(t)(u + b(t, x, z)) % $zs
$t

(t, x) % $zs
$x

(t, x)[f(t, x) + g(t, x)z]

= $#(z)p(t)(u + b(t, x, z)) + p(t).(t, x, z)
(25)

with

.(t, x, z) = %(n + 2)ṗ(t)p(t)nµs(t, x) % p(t)n+1 $µs

$t
(t, x)

% p(t)n+1 $µs

$x
(t, x)[f(t, x) + g(t, x)z].

(26)

We choose for u

u = us(t, x, z) := %b(t, x, z) % p(t)2m)1!(Z) + .(t, x, z)

$#(z)
,(27)

where m is a positive integer and where !(·) is a function belonging to the set S
defined in the preliminaries. Such a choice of feedback yields

Ż = %p(t)2m!(Z).(28)

One can check readily that Assumption A1 and the properties of !(·) imply that this
system is globally uniformly asymptotically and locally exponentially stable. Our
objective is now to construct a strict Lyapunov function for the system (1) in closed-
loop with (27) by exploiting the stability properties of (28).

Step 2: Strict Lyapunov function for the system (28). Using Young’s inequality,
one can check readily that Assumption A1 implies that for all positive integer m one
can find a positive real number (m such that, for all t,

" t+T

t
p(s)2mds ' (m > 0.(29)
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Moreover, p(t) is bounded in norm. It follows that Lemma 2.1 applies to the system
(28): The function defined in (22), where

M = sup
t'R

#
T +

$$$$$

" t+T

t
(s% t% T )p(s)2mds

$$$$$ sup
s'R,s(=0

%
|!(s)| + |s!#(s)|

|s|

&'
,(30)

is a strict Lyapunov function for the system (28). Its time derivative along the tra-
jectories of (28) satisfies

'̇(t, Z) $ %
(" t+T

t
p(s)2mds

)
Z!(Z) $ %(mZ!(Z) < 0 &Z (= 0.(31)

Step 3: Strict Lyapunov function for the system (1). We construct a strict Lya-
punov function for the system (1) in closed-loop with the feedback (27) by using a
combination of the Lyapunov functions V (t, x) and '(t, Z). This construction is rem-
iniscent of the constructions of Lyapunov functions presented in [17, 12]. Consider
a function U(t, x, z), belonging to the family of functions (21), and require that the
function k(·) be such that k#(s) ' 1 for all s ' 0. Thanks to Assumption A2, the
properties satisfied by the functions $(·), k(·), l(·), and Lemma 2.1, one can prove that
there exist two functions (1(·), (2(·) of class K& such that

(1(|(x, z)|) $ U(t, x, z) $ (2(|(x, z)|).(32)

The derivative of U(t, x, z) along the trajectories of the closed-loop system satisfies

U̇ = l#(V (t, x))V̇ + k#('(t, Z))'̇

$ %l#(V (t, x))W (x) + l#(V (t, x))
$V

$x
(t, x)g(t, x)(z % zs(t, x))

% k#('(t, Z))(mZ!(Z).

(33)

From the triangular inequality, the inequality

U̇ $ %l#(V (t, x))W (x) + l#(V (t, x))2
$$$$
$V

$x
(t, x)g(t, x)

$$$$
2

+
1

4
(z % zs(t, x))2 % k#('(t, Z))(mZ!(Z)

(34)

can be deduced. According to Assumption A3, a possible choice for l(·) is l(r) :=* r
0 +(s)ds, since this function is of class K&. Moreover, for such a choice, the inequality

U̇ $ %1

2
+(V (t, x))W (x) +

1

4
(z % zs(t, x))2 % (mk#('(t, Z))Z!(Z)(35)

is satisfied. Next, observe that

Z2 = ($(z) % zs(t, x))2 = ($(z) % $(zs(t, x)))2(36)

because |zs(t, x)| $ ) and $(s) = s when |s| $ 2). It follows that

Z2 =

(" z

zs(t,x)
$#(s)ds

)2

.(37)
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Since $#(s) ' 1 for all s, the inequality

Z2 ' (z % zs(t, x))2(38)

holds. Combining (38) and (35) yields

U̇ $ %1

2
+(V (t, x))W (x) +

1

4
Z2 % (mk#('(t, Z))Z!(Z).(39)

Thanks to the inequalities (13) and the properties of !(·), one can easily determine a
function k(·) such that

(mk#('(t, Z))Z!(Z) ' 1

2
Z2.(40)

This inequality leads to

U̇ $ %1

2
+(V (t, x))W (x) % (m

2
k#('(t, Z))Z!(Z) $ %N(x, z),(41)

where N(x, z) is the positive definite function

N(x, z) := inf
t'R

%
1

2
+(V (t, x))W (x) +

(m
2

k#('(t, Z))Z!(Z)

&
.(42)

It follows that U(t, x, z) is a strict Lyapunov function for the system (1) in closed-
loop with the feedback (27). This implies that the system (1) in closed-loop with the
feedback (27) is globally uniformly asymptotically stable.

Step 4: Boundedness of the feedback (27). Since $#(z) ' 1, |p(t)| $ P , and
|ṗ(t)| $ P , the inequality

|u| $ |b(t, x, z)| + P 2m)1|!(Z)| + (n + 2)Pn+1|µs(t, x)| + Pn+1

$$$$
$µs

$t
(t, x)

$$$$

+ Pn+1

$$$$
$µs

$x
(t, x)f(t, x)

$$$$ + Pn+1

$$$$
$µs

$x
(t, x)g(t, x)

$$$$

$$$$
z

$#(z)

$$$$

(43)

is satisfied. On the one hand, Assumption A2 ensures that the functions |b(t, x, z)|,
|µs(t, x)|, |"µs

"t (t, x)|, |"µs

"x (t, x)f(t, x)|, and |"µs

"x (t, x)g(t, x)| are bounded. On the
other hand, the functions !(·) and $(·) have been chosen such that |!(Z)| and | z

!!(z) |
are bounded. It follows that the feedback (27) is bounded in norm.

Step 5: The particular case where Assumption A3# is satisfied. When (20) holds,
then, according to (40), the function N(x, z) defined in (42) satisfies

N(x, z) ' inf
t'R

%
c1
2
+(V (t, x))|x|2 +

1

4
Z2

&
&(x, z) : |x| $ 1.(44)

Assumptions A2, A3, and A3# ensure that there exists a positive real number c2 such
that

c2

$$$$
$V

$x
(t, x)g(t, x)

$$$$
2

$ c1
2
|x|2 $ 1

2
W (x) &(x, z) : |x| $ 1.(45)

It follows that, if necessary, +(·) can be modified in such a way that +(0) > 0 and (18)
is satisfied. In that case, c3 = inft'R,|x|*1(

1
2+(V (t, x))) is a positive real number and

the property

N(x, z) ' c1c3|x|2 +
1

4
inf
t'R

/
Z2

0
&(x, z) : |x| $ 1(46)
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is satisfied. Through lengthy but simple calculations, one can deduce from (46) that
there exists a positive real number c4 such that

N(x, z) ' c4(|x|2 + |z|2) &(x, z) : |(x, z)| $ 1.(47)

This implies that the system (1) in closed-loop with the feedback (27) is globally
uniformly asymptotically stable and locally exponentially stable. This concludes the
proof.

4. Illustration: Time-varying chain of integrators. We will illustrate The-
orem 3.1 by using it to construct for the particular three-dimensional chain of inte-
grators with time-varying coe"cients

+
-

.

ẋ1 = cos(t)x2,
ẋ2 = cos(t)x3,
ẋ3 = cos(t)u

(48)

a globally uniformly asymptotically and locally exponentially stabilizing bounded
state feedback and a strict Lyapunov function for the corresponding closed-loop sys-
tem. Before doing that, we give a motivation for it.

4.1. Motivation: Systems in chained form. For the sake of simplicity, we
will restrict our attention to the system (48). But it is worth noting that Theorem
3.1 can be successfully applied repeatedly to any time-varying chain of integrators

+
,,,-

,,,.

ẋn = pn(t)xn)1,
ẋn)1 = pn)1(t)xn)2,

...
ẋ1 = p1(t)u,

(49)

where the pi(t)’s are bounded functions with bounded first derivatives such that the
product p1(t) · · · pn(t) satisfies Assumption A1.

One of the motivations for solving the problem of globally uniformly asymptot-
ically stabilizing time-varying chains of integrators by bounded feedback arises from
the tracking problem for systems in chained form under input saturation. The im-
portance of this family of systems is well known: The kinematic model of several
nonholonomic systems can be transformed into a system in chained form, and a lot
of interest has been devoted to the stabilization and the tracking of these systems. In
particular, in [4, 5, 7] the backstepping approach has been used to achieve for these
systems the global tracking of trajectories. Let us briefly recall how. Systems in
chained form of order n with two inputs (see, for instance, [14]) are described by the
equations

+
,,,,,-

,,,,,.

żn = zn)1v1,
...

ż3 = z2v1,
ż2 = v2,
ż1 = v1.

(50)
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Assume that the trajectory to be tracked satisfies
+
,,,,,-

,,,,,.

żn,r(t) = zn)1,r(t)v1,r(t),
...

ż3,r(t) = z2,r(t)v1,r(t),
ż2,r(t) = v2,r(t),
ż1,r(t) = v1,r(t)

(51)

and is bounded. Then, after the change of feedbacks v1 = v1,r(t)+u1, v2 = v2,r(t)+u2,
and denoting v1,r(t) simply by p(t), the error equation is

+
,,,,,-

,,,,,.

żn,e = p(t)zn)1,e + zn)1u1,
...

ż3,e = p(t)z2,e + z2u1,
ż2,e = u2,
ż1,e = u1,

(52)

where zi,e = (zi % zi,r(t)) for all i = 1 to n. Assume that for the chain of integrators
+
,,,-

,,,.

żn,e = p(t)zn)1,e,
...

ż3,e = p(t)z2,e,
ż2,e = u2

(53)

there are a bounded control law u2(t, ze) with ze = (z2,e, . . . , zn,e), a strict Lyapunov
function Ve(t, ze), and a positive definite function We(ze) such that the derivative of
Ve(·) along the trajectories of (53) in closed-loop with u2(t, ze) satisfies

V̇e $ %We(ze).(54)

Then the derivative of the function

Ue(t, ze, z1,e) = Ve(t, ze) +
1

2
z2
1,e(55)

along the trajectories of (52) in closed-loop with u2(t, ze) and the bounded feedback

u1(t, z1,e, ze) = %
"Ve
"zn,e

(t, ze)zn)1 + · · · + "Ve
"z3,e

(t, ze)z2 + z1,e

1 +
1

"Ve
"zn,e

(t, ze)zn)1

22
+ · · · +

1
"Ve
"z3,e

(t, ze)z2

22
+ z2

1,e

(56)

satisfies

U̇e $ %We(ze) %

1
"Ve
"zn,e

(t, ze)zn)1 + · · · + "Ve
"z3,e

(t, ze)z2 + z1,e

22

1 +
1

"Ve
"zn,e

(t, ze)zn)1

22
+ · · · +

1
"Ve
"z3,e

(t, ze)z2

22
+ z2

1,e

.(57)

One can check readily that this implies that Ue(·) is a strict Lyapunov function for
the system (52) in closed-loop with the bounded feedbacks u1(t, z1,e, ze), u2(t, ze).

Consequently, we have shown that the problem of determining globally uniformly
asymptotically stabilizing bounded feedbacks and strict Lyapunov functions for error
equations resulting from the problem of tracking a bounded trajectory of a system
in chained form can be reduced to the problem of determining globally uniformly
asymptotically stabilizing bounded feedbacks for time-varying chains of integrators
(49) and accompanying strict Lyapunov functions.
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4.2. Control design for the system (48). We begin the construction with a
preliminary result which will be used throughout the remainder of the section.

Preliminary result. By applying Lemma 2.1, one can prove that the derivative of
the function

V (t, x) = 80x2 +

%" t+2#

t
(s% t% 2/) cos6(s)ds

&
x2

"
1 + x2

(58)

along the trajectories of

ẋ = % cos6(t)
x"

1 + x2
(59)

satisfies

V̇ (t, x) $ %5/

8

x2

"
1 + x2

.(60)

Moreover, V (t, x) is periodic of period 2/ and

70x2 $ V (t, x) $ 90x2.(61)

We are ready now to carry out the backstepping construction of a bounded feedback
for (48) by applying repeatedly the main result of section 3.

The x1-subsystem. According to the preliminary result, the time derivative of the
function V (t, x1) along the trajectories of (48) satisfies

V̇ $ %5/

8

x2
13

1 + x2
1

+
$V

$x1
(t, x1) cos(t)

#
x2 + cos5(t)

x13
1 + x2

1

'

$ %5/

8

x2
13

1 + x2
1

+ 180|x1|

$$$$$x2 + cos5(t)
x13

1 + x2
1

$$$$$ .
(62)

The x2-subsystem. Consider the variable

X2 = $a(x2) + cos5(t)
x13

1 + x2
1

,(63)

where $a(·) is the odd function

$a(r) =

" r

0

/
1 + max{0, 9(|s|% 2)3}

0
ds.(64)

An immediate calculation yields

Ẋ2 = $#
a(x2) cos(t)x3 % 5 sin(t) cos4(t)

x13
1 + x2

1

+ cos6(t)
x2

(1 + x2
1)

3
2

= % cos6(t)
X23

1 + X2
2

+ $#
a(x2) cos(t)x3 + cos6(t)

X23
1 + X2

2

% 5 sin(t) cos4(t)
x13

1 + x2
1

+ cos6(t)
x2

(1 + x2
1)

3
2

.

(65)

Considering x3 as a fictitious input v and choosing for it

v(t, x1, x2) =

) cos5(t)
X2"
1+X2

2

+5 sin(t) cos3(t)
x1"
1+x2

1

)cos5(t)
x2

(1+x2
1
)
3
2

!!
a(x2)

,(66)
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the dynamics (65) become

Ẋ2 = % cos6(t)
X23

1 + X2
2

.(67)

The derivative of

U(t, x1, X2) = l(V (t, x1)) + k(V (t,X2))(68)

satisfies

U̇ $ %5/

8
l#(V (t, x1))

x2
13

1 + x2
1

+ 180l#(V (t, x1))|x1|

$$$$$x2 + cos5(t)
x13

1 + x2
1

$$$$$

% 5/

8
k#(V (t,X2))

X2
23

1 + X2
2

$ %5/

8
l#(V (t, x1))

x2
13

1 + x2
1

+ 180l#(V (t, x1))|x1||X2|

% 5/

8
k#(V (t,X2))

X2
23

1 + X2
2

$ %/

2
l#(V (t, x1))

x2
13

1 + x2
1

+
2

/
1802

4
1 + x2

1l
#(V (t, x1))X

2
2

% 5/

8
k#(V (t,X2))

X2
23

1 + X2
2

.

(69)

Choosing for l(·)

l(r) =
3

(80 % 4/2) + r %
3

80 % 4/2(70)

leads to

U̇ $ %/

2
l#(V (t, x1))

x2
13

1 + x2
1

+
1802

3
1 + x2

1

/
3

(80 % 4/2) + (80 % 4/2)x2
1

X2
2

% 5/

8
k#(V (t,X2))

X2
23

1 + X2
2

.

(71)

Choosing for k(·)

k(r) = 480
5/

(80 % 4/2) + r
0 3

2 %
/
80 % 4/2

0 3
2

6
(72)

leads to

U̇ $ %/

2
l#(V (t, x1))

x2
13

1 + x2
1

% /

2
k#(V (t,X2))

X2
23

1 + X2
2

.(73)

The overall system. From the above analysis, it results that the system (48) is
equivalent to the system

+
,,-

,,.

ẋ1 = cos(t)x2,

Ẋ2 = % cos6(t)
X23

1 + X2
2

+ $#
a(x2) cos(t)(x3 % v(t, x1, x2)),

ẋ3 = cos(t)u

(74)
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with x2 = $)1
a (X2 % cos5(t) x1"

1+x2
1

). Using the inequality

(k)1)#(U(t, x1, X2))3
1 + k)1(U(t, x1, X2))

7$$$$
$U

$X2
((t, x1, X2))

$$$$ +

$$$$
$U

$x1
((t, x1, X2))

$$$$

8

$ c

(
l#(V (t, x1))

x2
13

1 + x2
1

+ k#(V (t,X2))
X2

23
1 + X2

2

)
,

(75)

where c is a positive constant,1 and observing that the function
* r
0

(k"1)!(s)"
1+k"1(s)

ds is of

class K&, one can prove that Assumptions A1, A2, A3, and A3# of Theorem 3.1 are
satisfied by the system (74) with (x1, X2)$ playing the role of x, x3 playing the role
of z, and U(·) playing the role of V (·). It follows that the construction of a globally
uniformly asymptotically and locally exponentially stabilizing bounded feedback for
the system (74) can be achieved. The last part of the section is devoted to this
construction.

The function v(t, x1, x2) defined in (66) satisfies

|v(t, x1, x2)| $
6 + |x2|

1 + max{0, (|x2|% 2)3} $ 10.(76)

These inequalities lead one to consider the change of variable

X3 = $b(x3) % v(t, x1, x2),(77)

where $b(·) is the odd function defined as

$b(r) =

" r

0

/
1 + max{0, 21(|s|% 20)3}

0
ds.(78)

Its time derivative satisfies

Ẋ3 = $#
b(x3) cos(t)u% v̇(t, x1, x2)(79)

with

v̇ = cos2(t)+(t, x1, x2, x3),

+ =

5

7
sin(t) cos2(t)

%
X2"
1+X2

2

+
x2

(1+x2
1
)
3
2

&
+(cos4(t)+3 sin2(t))

x1"
1+x2

1

8

1+max{0,9(|x2|)2)3}

+
cos2(t)

1 + max{0, 9(|x2|% 2)3}

#
5 sin(t)

(1 + x2
1)

3
2

x2 %
3 cos2(t)x2

2

(1 + x2
1)

5
2

% cos3(t)
x3

(1 + x2
1)

3
2

'

%
cos4(t)

7
(1+max{0,9(|x2|)2)3})x3)5 sin(t) cos3(t)

x1"
1+x2

1

+cos5(t)
x2

(1+x2
1
)
3
2

8

(1+max{0,9(|x2|)2)3})(1+X2
2 )

3
2

+ cos(t)

cos2(t)
X2"
1+X2

2

)5 sin(t)
x1"
1+x2

1

+cos2(t)
x2

(1+x2
1
)
3
2

(1+max{0,9(|x2|)2)3})2 max{0, 27(|x2|% 2)2}.

(80)

1The explicit value of c can be determined through lengthy calculations. But an explicit value is
useless; to carry out the proof, it is only required that we know that c exists.
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One can check readily that the feedback

u =
% cos5(t) X3"

1+X2
3

+ cos(t)+(t, x1, x2, x3)

$#
b(x3)

=
% cos5(t) X3"

1+X2
3

+ cos(t)+(t, x1, x2, x3)

1 + max{0, 21(|x3|% 20)3}

(81)

yields

Ẋ3 = % cos6(t)
X33

1 + X2
3

.(82)

Moreover, the feedback u is bounded:

|u| $ 1 + |+(t, x1, x2, x3)|
1 + max{0, 21(|x3|% 20)3}

$ 25 +
6|x2| + x2

2

1 + max{0, 9(|x2|% 2)3} +
2|x3|

1 + max{0, 21(|x3|% 20)3} $ 94.

(83)

Remark 2. The feedback we have constructed is bounded in norm by 94. But for
all ) > 0, one can modify the design in such a way that the resulting control law is
bounded by ) instead of 94.

5. Conclusion. We have proposed a new extension of the backstepping tech-
nique which applies to time-varying nonlinear systems and thereby can be utilized
in particular for solving problems of global tracking. We have proposed families of
bounded control laws. We have not explored all the possible extensions of the ap-
proach: We want to emphasize that the key ideas of the technique are even more
important than the results themselves. Much remains to be done; robustness and
disturbance attenuation issues and applications to the control design for systems with
delay are some issues that may be pursued.
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bridge, MA, 1996.

[2] R. Freeman and L. Praly, Integrators backstepping for bounded controls and control rates,
IEEE Trans. Automat. Control, 43 (1998), pp. 258–262.

[3] M. Jankovic, Control Lyapunov-Razumikhin functions and robust stabilization of time delay
systems, IEEE Trans. Automat. Control, 46 (2001), pp. 1048–1060.

[4] Z. P. Jiang and H. Nijmeijer, A recursive technique for tracking control of nonholonomic
systems in chained form, IEEE Trans. Automat. Control, 42 (1999), pp. 265–279.

[5] Z. P. Jiang and H. Nijmeijer, Tracking control of mobile robots: A case study in backstepping,
Automatica J. IFAC, 33 (1997), pp. 1393–1399.

[6] M. Kristic and H. Deng, Stabilization of Nonlinear Uncertain Systems, Springer-Verlag,
Berlin, 1998.

[7] E. Lefeber, Tracking Control of Nonlinear Mechanical Systems, Ph.D. thesis, University of
Twente, Twente, The Netherlands, 2000.

[8] W. Liu, Y. Chitour, and E. Sontag, On finite-gain stabilizability of linear systems subject
to input saturation, SIAM J. Control Optim., 34 (1996), pp. 1190–1219.



BACKSTEPPING WITH BOUNDED FEEDBACKS 871

[9] F. Mazenc, Strict Lyapunov functions for time-varying systems, Automatica J. IFAC, 39
(2003), pp. 349–353.

[10] F. Mazenc and A. Iggidr, Backstepping with bounded feedbacks, Systems Control Lett., 51
(2004), pp. 235–245.

[11] F. Mazenc and S. Niculescu, Lyapunov stability analysis for nonlinear delay systems, Sys-
tems Control Lett., 42 (2001), pp. 245–251.

[12] F. Mazenc and L. Praly, Adding an integration and global asymptotic stabilization of feed-
forward systems, IEEE Trans. Automat. Control, 41 (1996), pp. 1559–1578.

[13] L. Praly and Y. Wang, Stabilization in spite of matched unmodeled dynamics and an equiva-
lent definition of input-to-state stability, Math. Control Signals Systems, 9 (1996), pp. 1–33.

[14] C. Samson, Control of chained systems application to path following and time-varying point-
stabilization of mobile robots, IEEE Trans. Automat. Control, 40 (1995), pp. 64–77.

[15] R. Sepulchre, M. Jankovic, and P. V. Kokotovic, Constructive Nonlinear Control,
Springer-Verlag, Berlin, 1996.

[16] E. Sontag, A “universal” construction of Artstein’s theorem on nonlinear stabilization, Sys-
tems Control Lett., 13 (1989), pp. 117–123.

[17] E. Sontag and A. Teel, Changing supply functions in input/state stable system, IEEE Trans.
Automat. Control, 40 (1995), pp. 1476–1478.

[18] A. Teel, Using saturation to stabilize a class of single-input partially linear composite sys-
tems, in Proceedings of the IFAC Nonlinear Control Systems Design Symposium, Bordeau,
France, 1992, pp. 369–374.

[19] A. Teel, On L2 performance induced by feedbacks with multiple saturations, ESAIM Control
Optim. Calc. Var., 1 (1996), pp. 225–240.

[20] A. Teel, Feedback Stabilization: Nonlinear Solutions to Inherently Nonlinear Problems, Tech-
nical Report UCB/ERLM92/65, University of California, Berkeley, 1992.

[21] A. Teel, Connections between Razumikhin-type theorems and the ISS nonlinear small gain
theorems, IEEE Trans. Automat. Control, 43 (1998), pp. 960–964.

[22] J. Tsinias, Input to state stability properties of nonlinear systems and applications to bounded
feedback stabilization using saturation, ESAIM Control Optim. Calc. Var., 2 (1997), pp. 57–
85.

[23] J. Tsinias, Backstepping design for time-varying systems and application to partial-static feed-
back and asymptotic tracking, Systems Control Lett., 39 (2000), pp. 219–227.

[24] J. Tsinias and I. Karafyllis, ISS property for time-varying systems and application to partial-
static feedback stabilization and asymptotic tracking, IEEE Trans. Automat. Control, 44
(1999), pp. 2179–2184.


