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1.

INTRODUCTION

In many practical situations, the values of a time series are not observed at equally
spaced times either because some data are missing or because prudent statistical
analysis of the data leads to discard some observed suspect values. In these
situations, a parametric model can be ﬁtted to the data either by maximizing the
exact Gaussian likelihood function of the observed data or by using an
expectation-maximization (EM) algorithm (see for instance, Shumway and
Stoﬀer, 2000, Ch. 4).
When the parametric model admits a ﬁnite dimensional state space
representation, as this is the case for instance for an autoregressive moving
average (ARMA) model, this representation can be modiﬁed to accommodate the
missing data, and the exact Gaussian likelihood function can readily and
conveniently be computed using the associated Kalman prediction recursions (see
Brockwell and Davis, 1991, Ch. 12). Then linear estimates of the missing values
and their corresponding prediction error variances can be evaluated by
application of the Kalman ﬁxed point smoothing algorithm to the modiﬁed
state space model. When the parametric model does not admit a ﬁnite
dimensional state space representation, as this is the case for example for any
long-memory process in the class of fractionally integrated ARMA models, this
approach is not applicable directly.
An alternative to estimate the missing values consists in using explicit formulae
of these estimates as proposed by Brubacher and Wilson (1976) and Ljung (1989).
As noticed by Ferreiro (1987), this direct approach is often more eﬃcient
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numerically, especially if the number of missing observations is small.
Furthermore, explicit formulae are useful for analysing theoretically the
inﬂuence of the number and of the positions of the missing values on the
interpolation error variances (see Pourahmadi, 2001, Ch. 8).
An algebraic expression for the best linear interpolation of a ﬁnite number of
missing data with arbitrary pattern of any (minimal) stationary time series, whose
past and future are observed indeﬁnitely was given by Rozanov (1967, p. 101).
This formula involves the inverse autocorrelations of the series, which can be
expressed themselves in terms of the AR(1) parameters (see Masani, 1960, Lem.
2.7). In the case where the past is inﬁnite but the future is ﬁnite, the same
interpolation problem was studied by Pourahmadi (1989), who established elegant
closed form expressions.
A problem, which is closely related to the interpolation of missing data is
the prediction of future data in the presence of an incomplete past. Within the
framework of the state space formulation, future data can be evaluated by
applying the Kalman prediction algorithm to the appropriately modiﬁed
model. For a stationary process, the predictors obtained by iterating
indeﬁnitely in the Kalman recursions converge in mean square to the best
linear inﬁnite past predictor. Without resorting to a state space formulation,
Cheng and Pourahmadi (1997) have proposed an algorithm to compute the
best linear predictor. This algorithm applies to any stationary time series with
ﬁnite or inﬁnite state space representation, and is a generalization of the
innovation algorithm presented in Brockwell and Davis (1991, Prop. 5.2.2). In
the case where the past is altered by a ﬁnite number of missing data with
arbitrary pattern, a closed form expression for the prediction error variance
was given by Grenander and Rosenblatt (1954), and an explicit formula for the
predictor was established in Bondon (2002).
In this paper, we investigate the inﬂuence of missing observations on the linear
prediction of a stationary time series. In Theorem 1, lower and upper bounds for the
prediction error variance are established. These bounds reveal the important role
played by the AR(1) parameters. In Theorem 2, some properties of the predictor
are presented, and in Theorem 3, asymptotic behaviours for the prediction error
variance are obtained for short and long-memory processes respectively.

2.

PRELIMINARIES

We denote by L2, the space of the equivalence classes of square integrable real
valued random variables deﬁned on a probability space (X, F, P). The
space L2 is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a Hilbert space with inner product hX,Yi ¼ EXY and norm kX k ¼ EX 2 , where
E stands for the expectation operator. In this paper, convergence of a series of
random variables will always be in L2. We consider a zero mean and (weakly)
stationary time series (Xt)t2Z, i.e., (Xt)  L2 and hXs, Xti depends only on t ) s
for any (s,t) 2 Z2. We set rX ¼ kXtk.
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For a collection S of random variables in L2, sp S denotes the closed linear span
of elements of S in the norm of L2. For any t 2 Z, we set
Ht ¼ spfXs ; s  tg;
the past and present subspace of the process (Xt) at time t, Pt denotes the
orthogonal projection operator onto Ht, and t ¼ Xt ) Pt)1Xt. The sequence (t)
is zero mean, uncorrelated, stationary, and is called the innovation process of (Xt).
We set r ¼ ktk. The process (Xt) is said to be nondeterministic if t 6¼ 0 for some
t 2 Z. It was shown by Kolmogorov (1941, Thm. 23) that (Xt) is nondeterministic
if and only if (iﬀ) the logarithm of its spectral density f is integrable with respect to
Lebesgue measure on [)p, p], dk. In this case, we have
Z p

ln f ðkÞdk=2p :
r2 ¼ 2p exp
p

The Wold decomposition theorem states that every nondeterministic process
(Xt) can be written as
Xt ¼

1
X

ci ti þ Vt ;

ð1Þ

i¼0

P
2
where the coeﬃcients (ci) are unique, c0 ¼ 1, 1
i¼0 ci < 1, (Vt) is deterministic
and is uncorrelated with (t), and (Vt)  \t2ZHt. The coeﬃcients (ci) are called the
MA(1) parameters of (Xt). The AR(1) parameters (ai) are deﬁned recursively by
a0 ¼ 1;

ai ¼ 

i1
X

aj cij ; i  1:

ð2Þ

j¼0

Both (ai) and (ci) only depend on the Fourier coeﬃcients of ln f.
For any t 2 Z, we set
It ¼ spfXs ; s 6¼ tg;
the past and future subspace of the process (Xt) at time t, PIt denotes the
orthogonal projection operator onto It, and gt ¼ Xt ) PItXt. The process (gt) is
zero mean, stationary, and is called the interpolation error or the two-sided
innovation process of (Xt). We set rg ¼ kgtk. The process (Xt) is said to be
minimal if gt 6¼ 0 some t 2 Z. Since Ht)1  It, every minimal stationary
process is nondeterministic. It was shown by Kolmogorov (1941, Thm. 24) that
(Xt) is minimal iﬀ f)1 is Lebesgue integrable on [)p,
p]. According to Masani
P1
2
(1960, Lem. 2.7), minimality is also equivalent to
i¼0 ai < 1. In this case,
we have
4p2
r2
P
¼
:
1
2
1 ðkÞdk
i¼0 ai
p f

r2g ¼ R p
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In the following, we assume that the data X)t1, . . . , X)tN are missing, where N is
a given integer and 0 < t1 <    < tN, and we consider the problem of
predicting X0 from its incomplete past
0
¼ spfXt ; t  1; t 6¼ t1 ; . . . ; tN g:
H1
0
0
the orthogonal projection operator onto H1
, and we set M ¼
We denote by P1
ft1, . . . , tNg.

3.

BOUNDS FOR THE PREDICTION ERROR VARIANCE

In order to quantify the worth of the data X)t1, . . . , X)tN in the linear prediction of
X0, lower and upper bounds for the increase of the prediction error variance
0
0
0
kX0  P1
X0 k2  r2 are established in Theorem 1. Note that P1
X0 2 H1
 H1 ,
0
and 0 ? H)1. Therefore, P1 X0  P1 X0 ? 0 , and we have
0
0
0
X0 k2 ¼ k0 þ P1 X0  P1
X0 k2 ¼ r2 þ kP1 X0  P1
X 0 k2 :
kX0  P1

For any nondeterministic stationary process (Xt), we have

Theorem 1.

0
rg max jai j  kP1 X0  P1
X0 k  r
i2M

where ui ¼ ð
Proof.

PtN i
j¼0

X

ui jai j  rX

i2M

X

jai j;

ð3Þ

i2M

c2j Þ1=2 .

According to (1), we have
X0 

tN
X

ai Xi ¼ 

i¼1

tN
X

ai Xi ¼ 

i¼0

tN
X
i¼0

¼

1
X
k¼0

ai

1
X

cj ij 

ai Vi

i¼0

j¼0

sk k 

tN
X

tN
X

ai Vi ;

i¼0

PminðtN ;kÞ
ai cki . According to (2), s0 ¼ )1 and sk ¼ 0 for k ¼
where sk ¼
i¼0
1, . . . , tN. Therefore,
tN
X
ai Xi þ 0 þ U0 ;
X0 ¼
i¼1

where
U0 ¼ 

1
X
k¼tN þ1
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Consequently,
P1 X0 ¼
0
X0 ¼
P1

tN
X
i¼1
tN
X

ai Xi þ U0 ;
ai Xi þ

i62M

0
P1 X0  P1
X0 ¼

0
ai P1
Xi þ U0 ;

i2M

i¼1

X

X

0
ai ðXi  P1
Xi Þ:

ð4Þ

i2M
0
, we have
Since HtN 1  H1
 X
X


0
0
ai ðXi  P1
Xi Þ 
jai jkXi  P1
Xi k

i2M

i2M



X

jai jkXi  PtN 1 Xi k:

ð5Þ

i2M

According to (1), for any t 2 Z, we have
PtN 1 Xt ¼

1
X

ci ti þ Vt ;

i¼tN þtþ1

Xt  PtN 1 Xt ¼

tN þt
X

ci ti :

i¼0

ﬁrst upper bound in (3) follows
Hence, kX)i ) P)tN)1X)ik ¼ rui, and
P1 the2 1=2
from
(4)
and
(5).
Since
u

ð
c
Þ
and (1) implies that r2X ¼
i
j
j¼0
P1 2
2
2
r j¼0 cj þ kVt k , the second upper bound in (3) follows immediately from
the ﬁrst one. Let (i, j) 2 M2. We have

2
hXi ; gj i ¼ rg if i ¼ j,
0 otherwise.
0
0
On the other hand, since H1
 Ij and g)j ? I)j, we have gj ? H1
. Therefore,
DX
E
0
ai ðXi  P1
Xi Þ; gj ¼ aj r2g ;
i2M

and using Schwarz inequality, we get
X



0
jaj jrg  
ai ðXi  P1
Xi Þ;
i2M

which, using (4), gives the lower bound in (3).

h

For a minimal stationary process, the lower bound in (3) shows that the
degradation of the prediction due to the missing data increases with maxi2M|ai|. In
the particular case, where M ¼ fmg, m > 0, inequalities (3) give
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r jam j
0
P1 2 1=2  kP1 X0  P1 X0 k  r jam j;
ð i¼0 ai Þ

ð6Þ

and it results from Pourahmadi and Sooﬁ (2000, Thm. 3.1) that
0
kP1 X0  P1
X0 k ¼

r jam j
m1
P 2 1=2
ð
ai Þ
i¼0

:

Therefore, the larger m is, the better is the preciseness of the lower bound in (6),
while the lower m is, the better is the preciseness of the upper bound in (6).
Theorem 2 is an immediate consequence of Theorem 3.3 and Remark 3.3b in
Bondon (2002).
Theorem 2. Let (Xt) be a nondeterministic stationary process. Then
0
(a) P1
X0 ¼ P1 X0 iﬀ ai ¼ 0 for all i 2 M,
0
(b) P1
X0 ! P1 X0 in L2 as t1 ! 1.
For a minimal stationary process, Theorem 2 follows from inequalities (3).
Indeed,
P1 2 (a) is immediate and to show (b), note that minimality is equivalent to
i¼0 ai < 1, which implies that ai ! 0 as i ! 1. Therefore, ai ! 0 for each i
in M as t1 ! 1, and the upper bound in (3) implies (b).
0
It is worth noticing that Theorem 1 gives rates of convergence of P1
X0 to
P)1X0 as t1 tends to inﬁnity. In Theorem 3, two typical asymptotic behaviours are
presented.
Theorem 3. Let (Xt) be a nondeterministic stationary process. Then, as t1 ! 1,
0
(a) kP1 X0  P1
X0 k ¼ Oðat1 Þ if |ai| ¼ O(ai) as i ! 1 for some a 2 (0,1),
0
(b) kP1 X0  P1
X0 k  t1a if |ai|  cia as i ! 1 where c > 0 and a < )1/2.
P
1
Proof. (a) follows from i2M|ai| ¼ O(atP
) and from the upper bound in (3).
1
a
2
Since a < )1/2 and |ai|  ci as i ! 1,
i¼0 ai < 1, and therefore, (Xt) is
minimal. Hence, we deduce from (3) that, for any  2 (0,1), we have
0 < rg cð1  Þ 

0
kP1 X0  P1
X0 k
 rX cð1 þ ÞN < 1;
a
t1

for t1 suﬃciently large, which shows (b).

u

0
X0 tends to P)1X0 at least exponentially if (Xt)
According to Theorem 3(a), P1
is an ARMA process with a positive spectral density. Theorem 3(b) implies that
0
P1
X0 tends to P)1X0 hyperbolically if (Xt) is a fractionally integrated ARMA
process with long-memory parameter d 2 ()1/2, 1/2)nf0g. More precisely, in this
case we have |ai|  ci)(1þd) (see Kokoszka and Taqqu, 1995, Cor. 3.1), and then
ð1þdÞ
0
0
kP1 X0  P1
X0 k  t 1
. Therefore, the convergence of P1
X0 to P)1X0 is faster
in the long-memory case corresponding to d 2 (0,1/2), than in the intermediate
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memory case, where d 2 ()1/2,0). At ﬁrst glance, this may seem nonintuitive
because EðXt1 X0 Þ  Ct12d1 and then, X)t1 and X0 are more correlated in the longmemory case. Nevertheless, the worth of X)t1 in the linear prediction of X0
depends crucially on the AR(1) parameter at1, and this parameter tends to zero
more quickly, when d is positive.
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